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Abstract 

By applying the conformal SO(2,4) transformations to the elementary one-cusp 
Wilson loop surface we construct various two-cusp and four-cusp Wilson loop surface 
configurations in AdS^ and demonstrate that they solve the string equations of the 
Nambu-Goto string action. The conformal boosts of the basic four-cusp Wilson loop 
surface with a square-form projection generate various four-cusp Wilson loop surfaces 
with projections of the rescaled square, the rhombus and the trapezium, on which 
surfaces the classical Euclidean Nambu-Goto string actions in the IR dimensional reg- 
ularization are evaluated. 
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1 Introduction 



The AdS/CFT correspondence [T] has more and more revealed the deep relations between 
the Af = 4 super Yang-Mills (SYM) theory and the string theory in AdS^ x S^, where 
classical string solutions play an important role [H El Hj. The energies of classical strings 
have been shown to match with the anomalous dimensions of the gauge invariant operators, 
while an open string ending on a curve at the boundary of AdS^ has been analyzed to study 
the strong coupling behavior of the Wilson loop in the gauge theory O El Ej. 

Alday and Maldacena have used the AdS/CFT correspondence to compute the planar 
4-gluon scattering amplitude at strong coupling in the Af = 4 SYM theory [H] and found 
agreement with the result of a conjectured form regarding the all-loop iterative structure and 
the IR divergence of the perturbative gluon amplitude [9] . The 4-gluon scattering amplitude 
has been evaluated as the string theory computation of the 4-cusp Wilson loop composed 
of 4 lightlike segments in the T-dual coordinates, where a certain open string solution in 
AdSr, space is found to minimize the area of the string surface whose boundary conditions 
are determined by the massless gluon momenta, and a dimensional regularization is used 
to regularize the IR divergence. Before the IR regularization the worldsheet surface of this 
particular solution [8] is related by a certain conformal SO(2,4) transformation to the 1-cusp 
Wilson loop surface found in [TO] (see also fH]). 

The non-leading prefactor of the gluon amplitude has been studied [12] and the IR 
structure of n-gluon amplitudes has been fully extracted from a local consideration near 
each cusp [13|, where the 1-cusp Wilson loop solution is constructed even in the presence of 
the IR regularization. By computing the 1-loop string correction to the 1-cusp Wilson loop 
solution, the 1-loop coefficient in the cusp anomaly function /(A) of the gauge coupling A has 
been derived as consistent with the energy of a closed string with large spin S in AdSr, [T3] . 
Moreover, the 2- loop coefficient in /(A) has been presented [T^ to agree with the results 
of [ini [TTj for the strong coupling solution of the BES equation [18] in the gauge theory 
side. Based on the string sigma-model action a whole class of string solution for the 4-gluon 
amplitude has been constructed [19] under the constraint that the Lagrangian evaluated on 
the string solution takes a constant value. Applying the dressing method [20] used for the 
study of the giant magnons and their bound or scattering states [211 122] to the elementary 
1-cusp Wilson loop solution of [TU], new classical solutions for Euclidean worldsheets in AdS^ 
[23] have been constructed, where the surfaces end on complicated, timelike curves at the 
boundary of AdS^. Several investigations associated with planar gluon amplitudes have been 
presented [22 [23 [23 [23 [2H1 1221 SO] . 

In ref. [H] the planar 4-gluon amplitude at strong coupling has been constructed by 
deriving the classical string sigma-model action evaluated on the 4-cusp Wilson loop surface 
whose edge traces out a rhombus on the projected two-dimensional plane at the boundary 
of AdS^. Based on the Nambu-Goto string action we will apply various conformal SO(2,4) 
transformations to the elementary 1-cusp Wilson loop solution of [10] . We will show how the 
obtained string surface configurations satisfy the string equations of motion derived from the 
Nambu-Goto string action. We will observe that there appear various kinds of Wilson loop 
solutions which are separated into the 2-cusp Wilson loop solutions and the 4-cusp ones. 
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2 SO (2) X SO (4) transformations of the 1-cusp Wilson 
loop solution 

We consider the 1-cusp Wilson loop solution of [TU], where the open string world surface 
ends on two semi infinite lightlike lines and is given by 



(1) 



embedded in an Arf^a subspace of AdS^ with the metric written in the T-dual coordinates 

by m 

^ -rfyg + dyl + dr'^ 

Here we take the static gauge where (?/o, Vx) are regarded as worldsheet directions to write 
the Nambu-Goto action 



from which the equation of motion for r is given by 



2/D 



9n 



(3) 



(4) 



The solution ([T]) is confirmed to satisfy the eq. (jlj) with y/D = i, which implies that the 
Lagrangian is purely imaginary when it is evaluated on the solution ([T]). Then the amplitude 
A ~ e*'^ has an exponential suppression factor. The Poincare coordinates in AdS^ with the 
boundary r = 0, 

^2 _ -dVo + dyl + dyl + dyl + dr"^ 



ds' 



(5) 



are related to the embedding coordinates Ym {M = —1,0, ■ ■ - ,4) on which the conformal 
SO(2,4) transformation is acting linearly by the following relations 



H = 



) ■ ■ ■ ) 3, 



Y-i - Y, 



r + y^iy^ 



- + Y^ + Y^ + Y^ + Y^ = 



-1. 



The elementary 1-cusp solution ([T]) is expressed in terms of Ym as 

Fo' - K-'i = - Yl Y2 = Ys = 0. 
Let us make an SO (2,4) transformation defined by 



Yo 
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Qi. 



(9) 



This SO(2)xSO(4) rotation of the elementary 1-cusp solution ([7]) generates a configuration 

y;,yu = YiYi (10) 

which is equivalently expressed in terms of the Poincare coordinates as 



yo - yi 
yo + vi 



= VA 



where the prime has been suppressed for convenience. When the string configuration (fTT!) is 
substituted into (jlj), a/D is so compactly given by i/\yo + yi \ that the right hand side (RHS) 
of (jlj) is separated into two parts for the region ?/o + l/i > 



1 



2^5/2 



-yoivo + yi 



yi + 2^/0 



yi 



Vi 



{ya + yiY , 



yo + yi 



+ h/o + 22/1 + 



-yi{yo + yi) + 



yo 



(yo + yiy 



yo 



2/0 + 2/1 



diA 



(12) 



whose second l/A^^"^ part becomes proportional to and then the equation of motion 

(jlj) is satisfied. For the region 2/0 + 2/1 < the string equation is similarly satisfied. The 
solution (JTTj) shows that the surface ends on the lines specified by yo = yi,yo = — 2/i + 1 
where two cusps are located at (2/0,2/1) = (+1/2, ±1/2). 

The SO (2,4) transformations given by P = I2, 2 x 2 unit matrix, Q = Qi and P = —i(T2 
that interchanges Yq and Q = Qi produce the following configurations 



Y" 



Y'_i = -2r/r; 



4? 



-'O -'-I ~ ^-'^l-'4 



respectively, which turn out to be 

"2 - -2 (2/1 + 1)^ + 2^/2/0' + (2/1 + 1)2-1, 



y'o 



(13) 

(14) 
(15) 



r' = 2/0' - (2/1 - If ±2^2/0^ + (2/1 -1)2-1. 
In order to show that the latter surface equation obeys the string equation (jlj) we parametrize 



r as r = y yQ — {yi — 1)^ + 2v5 = y/A for the plus sign, and -B = 2/0 + (2/1 — 1)' — 1- this 
case a/D is again a pure imaginary = ij \fB. The RHS of (jlj) has also two parts 



iA^I'^^^B 



[2i? + (2/i-l)2 + 2/o1 + 



[(2/1- 1)2(1 -v^)'-2/o'(l + v^) 



(16) 



whose second part again becomes proportional to l/A^^"^ and combines with the first part 
to yield 2i/A^/'^^/B which is just the left hand side (LHS) of (jlj). 



4 



For the plus sign of (|T^ at the boundary of AdS^jV = 0, the surface ends on two hues 
yo = -2/1 + ^2 + 1,2/0 = 2/1 -(^2 + 1) inyi > 1 + 1/^2 and two hues yo = -yi- (v^-l), yo = 
yi + \^—l in yi < 1 — 1/^/2. The region in the outside of the circle defined by ?/q + (?/i — 1)^ = 1 
is allowed and there are two cusps located at {yo, yi) = (0, ^/2 + 1), (0, —^/2 + 1), where one 
semi infinite lightlike line and one finite lightlike line meet at each cusp for yo > and the 
allowed region specified by > is separated into yo > part and yo < part. For the 
minus sign of ( fTSl) the surface ends on two lines yo = — 2/i + V2 + l,yo = yi + V2 — 1 in 
2/0 > l/"\/2 and two lines yo = —yi — (a/2 — l),2/o = Vi — iV^+ 1) in 2/o < — 1/"\/2- There are 
two cusps located at (2/0,2/1) = (+"\/2, !)• The string surface ends on the two semi infinite 
lightlike lines which emerge from the one cusp {\/2, 1) for the region yo > The former 
surface ( IT^ is similarly shown to be a two-cusp Wilson loop solution. 

If the other conformal transformations are performed by P = P\,Q = I4, 4 x 4 unit 
matrix and P = Pi, 

f -1 \ 
10 
10 

V 1 y 



Q 



Q2, (17) 



that interchanges Yi and Y4, we have two curves 



- 2^0'^! = Y;^ - Yf, 2Y^YLi = Y[^ - Y'^, (18) 



which are expressed in terms of the Poincare coordinates as 



= (^o + l)2_^2^2J(yo + l)2 + 2/f-l, (19) 



= {y,-iy-yf±2^{yo-iy + y!-l, (20) 

respectively. These expressions are compared with (1141) and ffT^ under the exchange of yo 
and yi. The two curves (|T^ and (1201) also obey the string eq. (jlj) in the same way as (fTHj) . 

For the plus sign of (|T^ the surface ends on two lines yo = —yi + \/2 — \, 2/0 = 2/i ~ ("\/2 + 1) 
in 2/1 > 1/a/2 and two lines yo = —yi — (a/2 + 1), 2/0 = 2/1 + — 1 in 2/1 < — 1/a/2 which 
meet at two cusps (— 1,±a/2) respectively. For the minus sign of ( fT9l) the surface ends 
on two lines yo = —yi + a/2 — 1,2/o = 2/i + — 1 in 2/0 > —1 + 1/a/2 and two lines 
yo = —yi — (a/2 + l),2/o = yi — (a/2 + 1) in 2/0 ^ —1 ~ 1/a/2 which meet at two cusps 
(a/2 — 1, 0) and (—a/2 — 1, 0) respectively. Similarly for the plus sign of fl^ two cusps are 
located at (1, ±a/2) and for the minus sign there are two cusps (±a/2 + 1, 0). 

The remaining SO(2,4) isometry generated by P = I2 and Q = Q2 yields a configuration 
^^'2 -YLi^ = Yf - Yf with a slight sign difference from the starting solution ([7]). In the 
Poincare coordinates it is given by 



r 



2 _ „,2 



yl-yl±j2iyi + y!)-l, (21) 



whose surface ends on four lines |/o = 2/1 ± 1, 2/o = — 2/i + 1 which meet at two cusps (0, ±1) 
for the plus sign and at two cusps (±1, 0) for the minus sign. The string surface (1?T|1 can be 
also confirmed to obey the string equation (jll) in a similar way to the solution (JT5l) . 
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Now we consider the conformal SO (2,4) transformations that generate a non-zero value 
of ?/2- First we set P = Pi and 



Q 



cos a 



V sin a 



sin a \ 



to have 

Y'Y' 

which give a surface 



cos 2a 






COS a 

r/2 




1 







0/ 



Y' 

-'4 



(22) 



(23) 



COS 2a 



At a = 7r/4 this surface reduces to 



{yl 



yl 



yl = VI, 

sin 2ayiy2. 



r = ^{i-yD{i-yD, 



yo = ym, 



(24) 



(25) 



which show that the Wilson loop at the boundary is composed with four cusps and four 
lightlike lines and takes a square form for its projection on the {yi,y2) plane 

We choose a static gauge that (1/1,2/2) are the worldsheet coordinates for the Euclidean 
open string surface to express the Nambu-Goto action as 



S 
D 



271 



dyidy^ 



1 + ((9ir)^ - (diyo)'^ - {dird2yo - d2rdiyof . 
The equation of motion for y^ is given by 



and the equation of motion for r takes a form 



rC 



C = dird2yo - divdiyo 



(26) 



(27) 



D 



'd2yoC' 



-d. 



:28) 



The insertion of the expression fl^ into C in ([27]) and D in fpUj) yields C = — [2 cos2ayiy2 + 
sm2a{yl — y2)]/VA and D = 1. When the surface ([21]) is substituted into the string equation 
(1271) its RHS can be so rewritten by {d2r/r)di{C/rVD) - {dir /r)d2{C /r^/D) that it is 
evaluated as -2yo{yl + yl - 2)1 which equals to the LHS of ([271). The RHS of ([281) is 
expressed as sum of two parts 



^ \2-^{y\^yl)\^ ^ 



^3/2 

+ (yo(cos 2ay2 + sin 2ayi 



-[{yo{— cos 2ayi + sm2ay2 



yi] 



2/2 



^5/2 LvyOl- cos z,ayi -\- sm z,ay2) 
^ - (2 cos 2ayiy2 + sin 2a{yf - y^f] 



(29) 
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whose second part becomes proportional to Ij A^l"^ and is summed up with the first part into 
2/^=^/^ which is the LHS of (EHl). For a = 7r/2 or [a = 0) the string surface (IMll is given by 



yo = — ^ — ' yo = ^ — 



from which we see that the Wilson loop at the boundary r = has a square-form projection 
on the {yi,y2) plane characterized by the four lines, y2 = ±yi + V^,y2 = — and 
contains four cusps located at {yo,yi,y2) = (1, ±\/2, 0), (— 1, 0, ±v^). This square in the 
(l/i, 1/2) plane is produced by making a 7r/4-rotation of the square of the 4-cusp solution fl^ . 

Let us perform the SO(2,4) transformations specified by P = I2, Q = Qsi^n/i) and 
P = —ia2, Q = Qs^tt/A) to derive two string configurations 

Fq'^ - r^i^ = -21^1%', ^0^ - Y-i^ = '^YlY^ (31) 
with 1^4 = 0, which are further represented by 



Vo = Jl-2y,y2, r = J2 - {y^ + y2)^ (32) 



= Jl + 2y^y2 = ^/B, r = J2 - {y^ - y2Y = ^/A. (33) 



In order to see how the configuration ( l33l) . for instance, satisfies the string equations we 
calculate C and \fD to be compact expressions C = —{yf — ?/|)/\/AB, y/D = 1/\/B. The 
RHS of (ITTl) is estimated as 

{yi - y2){yl - yl) ^ {yi - y2){yl - yl) _ 2{yi - y2f 

-^1 ^5 ^2 -j^ -j^ , (34j 

which agrees with the LHS of ( 1271) . The RHS of ( l28i) can be separated into a l/A^^"^ part 
and a l/A^/"^ part as 

1 :[25 - [y, - 1/2)' - 2(y2 + yl)] + -^-^[6(2/, - y^fB - ?,{yl - y2)2], (35) 



whose second part becomes 3(yi — y2Y / A^/'^\/B which makes (IH^ equal to 2/A^/^V^, the 
LHS of (I2HD. 

The projection of the surface (j33l) at the boundary of Arf^s on the (?/i,?/2) plane is 
composed of two separated parallel lines, 2/2 = 2/1 + \/2 on which y^ = \V2yi + 1| and 
2/2 = 2/1 — \/2 on which 2/0 = |v^2/i — 1|- In region defined by A > 0, that is, the region 
between the two parallel lines, B also takes a positive value. From one cusp located at 
(2/0,2/1)2/2) = (0, — 1/v^, 1/v^) two semi infinite lightlike lines emerge on a plane specified 
by 2/2 = 2/1 + \/2) while on a plane 2/2 = 2/1 — "\/2 two semi infinite lightlike lines intersect 
transversly at the other cusp located at (0, 1/a/2, — 1/a/2). Thus the Wilson loop is composed 
of two separated parts each of which is represented by two semi infinite lightlike lines with 
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a cusp. Therefore the solution as well as is regarded as a two-cusp Wilson loop 
solution. 

There remain two conformal transformations defined by P = I2, <5 = <53(7r/2) and P = 
I2, Q = ^3(0), which produce the following configurations 

Yo'^-YL^'^ = Yl^-yf (37) 
with 1^4 = 0, which are respectively written by 



yo = ^i-yl + yl r = p-2yl (38) 
yo = Jl + yl~yl = ^fB, r = J2-2yl = ^fA. (39) 



For the surface (1391) C and \/15 are evaluated as C = 2?/i?/2/V ^-B, = In this 

case the demonstration of is simpler than the above cases due to dir = 0. The eq. (^E^ 
is also confirmed to hold in a way similar to ( !35l) . 

In ref. [H] the solution (1371) has been analyzed in the string sigma-model action in the 
conformal gauge and the leading 1-loop correction to it has been computed together with 
the 1-loop correction to the starting 1-cusp solution ([T]), and further the 2- loop correction to 
the latter solution has been studied [T3]. In ref. [H] the solution of (IH7j) was presented by 

Yo = cosh{aa + Pt) , y_i = cosh(ar — /3(t), 

V 2 V 2 

Fi = ^ sinh(aa + /3r), ^2 = ^ sinh(ar - pa), Y^ = Y^ = 0, (40) 

V 2 V 2 

where + = 2, the Euclidean worldsheet coordinates (r, a) take values in the infinite 
interval. The parametrization (110|l is equivalently transformed in terms of the Poincare 
coordinates into 

\/2 cosh(Q;cr + I3t) 

yo 



cosh(ar — [3a) ' cosh(ar — [3a) ' 

sinh(acr + /5r) 

= — r? y2 = tanh{aT - Pa), (41) 

cosh(ar — Pa) 

which indeed satisfies the eq. fl39l) . 

The projection of the surface flHUl) at the boundary of AdS^, r = on the {yi, 2/2) plane is 
composed of two separated parallel lines, 2/2 = 1 and ?/2 = — 1 on which yQ is specified by the 
same equation yo = \yi\. From a different viewpoint the projection of the surface ( !39l) on the 
{yo,yi) plane at a fixed value of y2 in — 1 < ?/2 < 1 is described by a hyperbolic curve yo = 



+ (1 — 1/2), while that projection at the boundary value ?/2 = 1 or 7/2 = —1 becomes two 
semi infinite lightlike lines intersecting transversly at a cusp located at {yo, yi, 2/2) = (0, 0, 1) 
or (0, 0, —1). Thus the solution (l39l) as well as (|38i) has two cusps in the same way as (|33il 
and (El. 
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3 Conformal boosts of the 4-cusp Wilson loop solution 

We turn to the conformal boost transformations of the 4-cusp solution YqY^i = YiY2,Y^ = 
14 = fl25l) and see whether the transformed configurations are solutions of the string 
equations for the Nambu-Goto action. The boost in the (-1,4) plane given by 

y^ = j{y;-vyl,), yii = 7(^1-0 (42) 



with 7 = I/a/I — v'^ is performed to yield Y^ — vY^-^ = and 7Fq(F_^;^ — vY^) = Y(Y2, which 
are represented in terms of the Poincare coordinates as 



y'o = li'^ + v)yW2, r' = J^-^ + y'o^ -y['^ = VA. (43) 



Alternatively the boost fl42l) can be described by 



owing to the relation 1/r' = Y'_i + Y^ = 7(1 + v)/r. Below the prime will be omitted. For 
the eq. ( 1271) C is given by C = —7(1 + v) {yf — ?/|) / ^/A, while D takes a simple value D = 1. 
The RHS of ( 1271) is computed by 



- ^^^^^ U (^'(i + vfymiyl + yl) - ^ym 
+(2/1 - 2/2) (-(f (1 + v)Vi - l)y2diA + (f (1 + vYyj - l)yid2A) 



(45) 



whose 1/A^ part vanishes owing to the symmetric form of A for the exchange of yi and y2- 
The l/A"^ part becomes equal to the LHS of (^7^. The RHS of the other string equation (^E^ 
is calculated by 

' [2 - 37^(1 + vfiyl + yl)] + ^^^[7^(1 + vMyj + 1 - 7^(1 + vfiyl + yj)], (46) 



^3/2 ^, V- i vyi i y2yj > ^5/2 

whose second l/A^^"^ part is so simplified into 3{yf + y^){l + v)/{A^^^{l - v)) that (|16 
becomes 2/^4^/2 ^j^j^i^ jg j^g^- |-j^g Lgg (j^gj). 

Since r' of (HHl) is represented with the prime by 



y'll TT^-y2'], (47) 



1 +v 



the projection of the string surface on the {y[, 1/2) plane at the AdS^ boundary is the square 
with side length 2^ {1 — v)/{l + v) = 2a, which is compared to the square with side length 
2 for the starting basic solution (!25l) . Following the IR dimensional regularization of ref. [8] 
we define the following regularized Nambu-Goto action 

S = ^ / i,;^,^^ (48) 



with c/ = 4 - 2e, Q = 2^'Tr^'T{2 + e), = Xfi^' / {Aire-^Y , 7 = -r'(l), where is described 
by the IR cutoff scale n and the dimensionless four dimensional coupling A to match the 
field theory side. Substituting the solution (H7j) into the action (HHl) and making a variable 
transformation (jHj) to carry out an integral over the inside of the square we have 



-iS = B, 



1 1 7rr 

-1 [(i-2/i)(i-y2)]^2 



(49) 



with = v^ArfQ/27ra^, where i is due to the Euclidean worldsheet and a double pole appears 
when e < ^ 0. From the structure of the action (|26l) if r and are solutions of the string 
equations, then the rescaling configuration specified by ar and ay^ with an arbitrary constant 
a also satisfies the string equations. The solution fj44|) exhibits a rescaling solution. 
Let us perform the following boost in the (0,4) plane for the 4-cusp solution 



14 = 7(n - o 

We obtain a string surface described by 



Yo = 7(Fo' - vYi) 




7f 



(50) 



(51) 



and vy'o^ — yo + iyiy'2 = for which we choose 



yo 



which reduces to the starting solution fl25p in the limit v 



'El (52) 
0. We consider the h < 1 case. 



Below the prime will be suppressed. For the eq. (1271) C is evaluated as C = —liyl—yl) I vAB 
from the involved expressions (|5T1) and (J52l) . while D in (|26l) has many complicated terms 
but can be cast into a simple form a/D = l/\fB through 7^ = 1 + 6^. The substitution of 
these expressions into the RHS of flTTj) leads to 
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yl2 



26 



i-i)^ + 4i/i?/2 + ^(y? + i/i) 



(53) 



+f (y? - y|) [((1 -i)% + yi + iv^) d2A-{{l-i)% + y, + iy,) d,A_ 



whose second 1/A^ part vanishes owing to the symmetric expression of A for the exchange 
of yi and y2 and the remaining first part becomes coincident with the LHS of f l27p . In order 
to prove the eq. fl28p we devote ourselves to the l/A^/"^ part of its RHS 



A^I^^^B 




2b^/B 1 



+ (1 - Aby^y^) ^ym + 1 + 



7 

462 



2\2 



iyt + y'2) -Yiyt-y'2) 



(54) 



which turns out to be Qb{2yiy2 + 7^(1/1 + y2)/2b)/ A'^^'^^/B, which further cancels against the 
remaining 1/A^/^ part to leave 2/A^/^y/B, that is, the LHS of (EHl). 
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The insertion of (1521) into (1511) with r' = leads to the projection of the Wilson loop on 
the (y'1,2/2) plane, which is expressed as 

{y'l + y'"? - ^^{y'l + 2/2')(i - 2H2/2) + ^2/^2/2' - \y'iy'2 + ^ = o- (55) 



This equation can be factorized into 



2/2 + 



2/i 



1 

62 



(2/2 + kj'l 



i\2 



(56) 



which gives four lines y'2 + y'l/h = ±1/^, 2/2 + Wi = that form a rhombus on the (y^, 7/2) 
plane. 

The boost ([50]) gives 1/r' = + F4' = y_i + 7(^4 + vYq) and i/^/r' = 7(^0 + ^^>4) , which 
become 1/r' = (1 + byoj/r and ?/q = ^y^r' jr through the starting solution (l25l) . Thus the 
boost is represented in terms of the Poincare coordinates as 



2/0 



72/12/2 
1 + &2/12/2 ' 



2/'i 



2/1 



1 + &2/12/2 ■ 



2/2 



2/2 



1 + &2/12/2 



(57) 



The eq. (l52l) is changed into the first equation in (!57|) when the second and third equations 
in (137|) are substituted into ([S2D, while the eq. (1^ becomes 



1 + %l2/2 



(58) 



which vanishes at ?/i = ±1 and ?/2 = ±1- The four cusps of the Wilson loop are determined 
from ( 1571) with y\ = ±l,y2 = ±1 to be located in the coordinates (2/0) 2/i! 2/2) 



'VTT¥ 1 1 



1 



1 + & ^ 



b ' 1-6' 1-6^ 

1 1 \ 



V 1 + 6 '1 + 6' 1 + 6^ 

VTT¥ 1 1 



1 + 6' 1 + 6 



1 



1-6' 1-6 



(59) 



We again see that the projection of the Wilson loop on the (2/1,2/2) plane is a rhombus. 
Alternatively the cusp positions fl^Ul) are determined from the intersections of the four lines 
defined by ( !56l) . The four lightlike segments between the adjacent cusps characterize the four 
massless gluon momenta so that the parameter 6 is related with the ratio of the Mandelstam 
variables s,t as s/t = (1 + 6)^/(1 — 6)^. The classical Nambu-Goto action ( HHi) evaluated on 
this 4-cusp Wilson loop solution is represented through (IFTI) and (!3S|) as 



-iS 



2tt 



1-1 



1 1 
dyidy2 



bym 



27r 



1 + byiy2)^ r'^+^^B{y'i) 
(1 + byiy2y 



dyidy2T- ^ ^ . 

1 [(1 - 2/i)(l - 2/2)]^^ 



(60) 
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By expanding the integrand as a power series on b we evaluate the integral over yi and y2 as 



27r r(i^) ^2 2' 2 
Here in view of (ISTll and (!52l) we present a string configuration using an arbitrary constant 



r' = ^a^-'^y'o + y'o'-y['-y'2' = VA, b = ^v, (62) 
y'o = ^(«-\/«'-4Viy^) = ^(a-v^), (63) 



whose f — i> limit reduces to (HHI) with a replaced by y (1 — t')/(l + t;). This string surface 

is confirmed to satisfy the string equations with C = —7(^/1 — y|)/v^AB and ^/D = a/^/B. 
This solution is just a rescaling solution for ( 1571) and ( l58l) as expressed by 

/ 072/12/2 , ayi / ^2/2 /„,x 

1 + 02/12/2 1 + 02/12/2 1 + 01/i?/2 



, ^v/(l-2/f)(l-2/i) 

r = — ; ; . (65) 

1 + &2/12/2 

The insertion of flMl) into flU^ leads to flU^ and the eq. flU^ becomes the first equation 
in flU^ when the second and third equations are substituted. The classical action of this 
rescaling solution is similarly evaluated as 



.n \fKiCd , , a (l-&2/i2/2) a 
- = -1^ / dyidy2—-—r r:^ , , (66) 

27r 7-1 1 + byiy2y r'^+UB{yl) 



which gives (lUTj) with the ■\/A^/27r factor replaced by = ^IXsTdjl-na" , whose e expansion 
leads to the exponential form of the planar 4-gluon scattering amplitude at strong coupling 
of [8]. In ref. [8] for the 4-cusp Wilson loop solution the string sigma-model action was 
used, while based on the Nambu-Goto action we have demonstrated that the 4-cusp Wilson 
loop configuration indeed solves the string equation and evaluated the classical action on 
this 4-cusp solution. 

There is another boost in the (-1,1) plane specified by 

Y^ = ^{Y[-vYU). Y.^ = i{YU-vY[). (67) 
which produces a string surface 

= . I?M_£) , / = vW^Z^-Vl. (68) 

1 — vy\ B 

This configuration is not symmetric under the interchange of y'^ and 1/2 • Although C is 
obtained by an involved form C = [—yi {yi — v) / B + {1 — v'^)y2/ B"^]/ \fA here with unprimed 
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expressions, ^J~D is calculated to be a simple form ^J~D = y/1 — v'^/B. The string equation 
(1271) is proved as follows. The RHS of (1271) is evaluated as 

B2 



12_ 

A2 



\/T^{2y,X-{l-yf)diX) 



2B^ 



j_2X 
A3 



(l~v'^)yl(yi~v) 



yi) d<,A 



(69) 



where X = —yi{yi — + (1 — and the l/A'^ part vanishes through A = 

(1 — yl){l — — in spite of the asymmetric expression. The remaining l/A^ part 

agrees with the LHS of ( 1271) . For the string equation (l28l) . the l/A^^"^ terms of the RHS are 
gathered together into a sum of terms with odd powers of 1/B 



A^/^B 



yl) 



52 



B^ 



(70) 



which turns out to be a l/A^/^ term as 3^1 — v'^{y'l + (1 — v'^)y\l B"^) j B J^l"^ . It combines 
with the remaining l/A^^^ terms to be equated with — v'^ jBAc'l'^ ^ that is, the LHS of 
( l28l) . where the \jB^ terms are canceled out and the l/i?^ terms can be changed into a 1/5 
term. 

The string solution (lUSl) can be expressed as 

1 



,1-1/1 



/2n 



1 



vy'^Y - (1 



v'^)y, 



/2 



(71) 



1 - vy'^ 

so that the projection of the Wilson loop on the (yl, y',^ plane is a trapezium formed by the 
four lines j/1 = ±1 and y'2 = ^{vy[ — l)/-\/l — v"^. In (?/q, y[, y'^) the four cusps are located at 

-1, 

VI — f/' \vi + '^' ^ I + V I ' 

(72) 

which imply that the Wilson loop consists of the four lightlike segments. The boost (1671) is 
alternatively expressed as 

V + yi 




yo 



ym 



1/2 



2/2 



-fil + vyi)' '"^ l + vyi 7(l + t;?/i) 

which lead to ( 1721) again and are substituted into the second eq. of (l68l) to be 

, ^|{^-y\\^-y^) 

T = — . 

7(1 + ^2/1) 

Then the action (j48|) can be evaluated on this classical solution as 



(73) 



(74) 



%S 



27r 



271 



1 , , 

■1 [(1 -Z/2)]^2 



(75) 
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The integral is calculated by expanding the integrand as a power series on b as 



n=0 



whose summation factor is evaluated as r(— e/2)(l — 6^/(1 + h'^)y^'^ through (1 — 2;)° = 
F{-a,p,(3, z) so that we obtain 7rr(-e/2)Vr((l -e)/2)2. This result is compared with ^ 
with a = 1 or ( 1611) with 6 = 0, the Mandelstam variables s = t, which is consistent with the 
observation that the locations fl72|) of the four cusps indicate s = t. 
Here we discuss the remaining boost in the (0,1) plane defined by 

Y,=^iYl-vY^), Y, = ^{Yl-vY[), (77) 

which yields a string configuration 

y'o = 4^$^, r' = ^l + y','-y['~y',\ (78) 

For ( |78l) the projection of the Wilson loop on the (2/1,1/2) plane shows a trapezium in the 
same way as that for ( l68l) . Although this configuration is transformed into ( |68l) under the 
interchanges y[ y'2 and w ^ — w , we can show that it satisfies the string equations in the 
same way as the solution 



4 Conclusions 

Starting with the elementary 1-cusp Wilson loop solution of [TD], we have constructed var- 
ious kinds of string configurations by performing the conformal SO(2,4) transformations in 
the embedding coordinates of AdS^ and then rewriting the results back in the Poincare co- 
ordinates. Analyzing the obtained string surfaces to see where they end on at the AdS^ 
boundary, we have read off the shapes of the Wilson loops. In order to see whether the 
conformal transformed string configurations are extrema of the worldsheet area we have 
demonstrated that they indeed solve the involved string equations of motion for the Nambu- 
Goto string action. In these demonstrations the string Lagrangian ^jDjr^ does not take a 
constant value in our worldsheet coordinates but it is important that ^J~D takes a simple 
manageable expression. 

We have made two types of SO(2)xSO(4) transformations that are characterized by two 
kinds of SO (4) rotations such that one does not change Y2 and the other interchanges Y2 and 
14. We have observed that the former type of transformaions generate a variety of 2-cusp 
Wilson loop solutions, while the latter type of them produce not only the 4-cusp Wilson 
loop solutions but also the 2-cusp Wilson loop solutions. The projection of the latter 2-cusp 
Wilson loop surfaces on the (2/1,^/2) plane is two separated parallel lines, which is compared 
with the square-form projection of the 4-cusp Wilson loop surface. Applying the boost 
SO (2,4) transformations to the basic 4-cusp solution with the square-form projection we 
have constructed three kinds of 4-cusp solutions whose projections are the rescaled square, 
the rhombus and the trapezium. 
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By combining the conformal boost in the (0,4) plane and the rescahng we have derived 
a 4-cusp Wilson loop surface whose projection is a rescaled rhombus. Based on the Nambu- 
Goto action in the IR dimensional regularization we have obtained the classical Euclidean 
action evaluated on this 4-cusp solution and reproduced the same exponential expression of 
the 4-gluon amplitude as derived in [8] from the string sigma-model action. 
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